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Abstract 

This paper proposes a new distributed model predictive control (DMPC) for positive Markov jump 
systems subject to uncertainties and constraints. The uncertainties refer to interval and polytopic types, 
and the constraints are described in the form of 1-norm inequalities. A linear DMPC framework contain- 
ing a linear performance index, linear robust stability conditions, a stochastic linear co-positive Lyapunov 
function, a cone invariant set, and a linear programming based DMPC algorithm is introduced. A global 
positive Markov jump system is decomposed into several subsystems. These subsystems can exchange 
information with each other and each subsystem has its own controller. Using a matrix decomposition 
technique, the DMPC controller gain matrix is divided into nonnegative and non-positive components 
and thus the corresponding stochastic stability conditions are transformed into linear programming. By 
virtue of a stochastic linear co-positive Lyapunov function, the positivity and stochastic stability of the 
systems are achieved under the DMPC controller. A lower computation burden DMPC algorithm is 
presented for solving the min-max optimization problem of performance index. The proposed DMPC 

design approach is extended for general systems. Finally, an example is given to verify the effectiveness 
of the DMPC design. 
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. Introduction 

Positive systems have drawn an increasing interest due to their interesting properties in the-
ry and importance in practical applications [1–5] . This class of systems can model dynamic
rocesses containing nonnegative quantities such as communication and traffic congestion [6] ,
ater systems [7] , medical treatment [8] , etc. Positive Markov jump systems (PMJSs) consist
f positive subsystems and a Markov process. As a special class of positive systems, PMJSs
re paid attention since they have powerful ability to model abrupt changes from operation
nvironment, components, subsystems interconnections, and so on. Different from Markov
ump systems (MJSs) without the positivity [9–13] , PMJSs motivate new research approaches
wing to the positivity requirement. In [14] , it was shown that the mean square stability of
MJSs is equivalent to 1-moment stability and linear programming can be used to check the
tability conditions. Some linear programming based necessary and sufficient conditions were
erived for stochastic stability and � 1 performance filter of PMJSs in [15] . In [16] , a stochas-
ic linear co-positive Lyapunov function was constructed and control synthesis of PMJSs was
xplored in terms of linear programming. Some mean square stability conditions were also
resented in [17] for PMJSs with homogeneous transition probability by analyzing the time
volution of the first-order moment of the state. As we all know, the states of positive sys-
ems are kept in the nonnegative orthant. Based on the property, traditional Lyapunov stability
heory with quadratic Lyapunov functions is replaced by the one with linear Lyapunov func-
ions [18] . Accordingly, linear programming was used to check the corresponding conditions
19–21] . These properties of positive systems also bring some new research issues such as
ptimal control of PMJSs. Generally, the optimal control law of general systems was obtained
y solving some Riccati equations [22] and Hamilton-Jacobi-Bellman equations [23] . How-
ver, these optimization approaches may not be valid for positive systems since the obtained
ptimal control cannot guarantee the positivity of positive systems. In addition, co-positive
yapunov functions integrated with linear programming are more effective than quadratic
yapunov functions integrated with linear matrix inequalities. Up to now, the optimal control
f PMJSs is still an open issue. 

Model predictive control (MPC) is extensively used to handle the constraints of systems
24–28] . MPC is a step-by-step optimization technique, in which an optimal control input
s obtained at each time instant by solving an optimization problem. To deal with the op-
imal control of positive systems, a linear centralized MPC framework was established in
29–31] . As described in above positive systems literature, linear Lyapunov functions and
inear programming are used in the linear MPC framework. It is also necessary to point out
hat the centralized MPC may be impractical and unsuitable for large-scale systems. PMJSs
ontain two classes of states: one is the continuous-time state x ( k ) and the other one is the
ump mode r k . The MPC of PMJSs considers not only the performance of each mode but
lso the interconnection of subsystems. Practical positive systems such as communication
etworks [6] , water systems [7] , and medical treatment systems [8] are typical large-scale
ystems. These imply that the MPC may not be effective for PMJSs though there have been
ome MPC results on MJSs [32–35] . To overcome the drawbacks of MPC, distributed MPC
DMPC) is proposed and has received many concerns [36–38] . Under the DMPC framework,
he plant mode is divided into several subsystems and then the controller of each subsystem
s designed to reach a global performance. The collapse of the controller of some subsystem
ay not affect the stability of the systems since the controllers of other subsystems are still

ormal. DMPC reduces the computation burden of the MPC scheme of complex systems
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and increases the safety of systems. DMPC of stochastic systems has also been paid some
attention. A DMPC method for the case that the states are not measurable was given in
[39] by converting the probabilistic constraints into deterministic constraints. For the systems 
with parameter uncertainties, a stochastic DMPC algorithm based on generalized polynomial 
chaos expansions was developed in [40] . A DMPC design approach with Jacobi iterative algo-
rithm was introduced for MJSs in [41] . Considering the systems with randomly occurring and
Markov packet dropouts [42,43] , an output feedback DMPC and a DMPC saturation control
were proposed in terms of linear matrix inequalities, respectively. 

By the above observation, it is clear that DMPC is powerful for dealing with the optimal
control of complex systems and some significant achievements have been addressed in terms 
of linear matrix inequalities. Thus, two questions naturally arise: (i) whether the DMPC is
available to PMJSs and (ii) how to establish a DMPC framework of PMJSs if the answer of
(i) is positive. To the best of the authors’ knowledge, there exist three challenges to solve
the DMPC of PMJSs. First, the traditional DMPC may be unavailable. It has been shown in
aforementioned literature that a linear approach is more tractable for positive systems. Most 
DMPC frameworks in literature are described in a quadratic form. Second, existing control 
approaches of PMJSs cannot be developed for the DMPC of PMJSs. How to guarantee the
positivity of a system is one of difficult issues of positive systems. Under the DMPC frame-
work, the underlying systems contain the input term of some subsystem and the input terms
of other subsystems correlated to the subsystem. In this case, the positivity of the systems is
more complex than general control synthesis of positive systems. Third, the DMPC algorithm 

involving linear matrix inequalities is less efficient for the DMPC of PMJSs. Computation 

burden has always been one obstacle of MPC applications in practice. Owing to the com-
plexity of optimization algorithms involving linear matrix inequalities, it will lead to heavy 

computation burden and reduce the efficiency of MPC applications. The computation burden 

is still kept high though DMPC is introduced. These issues motivate us carry out the work. 
This paper investigates the DMPC of PMJSs with interval and polytopic uncertainties, 

respectively. First, a linear performance index is introduced. Then, interval and polytopic un- 
certainties and linear constraints in the form of a 1-norm inequality are presented. Using a
linear stochastic co-positive Lyapunov function, the DMPC controller of PMJSs is designed 

in terms of linear programming. A cone is constructed to guarantee the invariant property 

of the systems. Finally, a DMPC algorithm based on linear programming is provided. The 
contribution of the paper has three aspects: (i) a new DMPC framework is established for
PMJSs, (ii) a linear programming based DMPC algorithm is presented, and (iii) the presented 

DMPC framework can be applied for MJSs and other issues of positive systems. The remain-
der of the paper is organized as follows. Section 2 describes the problem formation and gives
some preliminaries of positive systems. Section 3 consists of four sections: The performance 
index, uncertainties, constraints, and a stochastic stability condition are presented in the first 
section; In the second section, the DMPC controller of PMJSs is designed; The third section
handles the constraints; The last section explores the stochastic robust stability of PMJSs. In
Section 4 , the presented approach in Section 3 is developed for general systems. An example
is provided in Section 5. Section 6 concludes the paper. 

Notation: Let � , � 

n , � 

n 
+ 

, and � 

n ×n be the sets of real numbers, n -dimensional vectors,
n -dimensional nonnegative vectors, and n ×n matrices, respectively. Denote by N and N 

+ the
sets of nonnegative and positive integers, respectively. For a vector x = (x 1 , . . . , x n ) T , x �0
( �0) and x �0 ( ≺0) mean that x i ≥0 ( x i > 0) and x i ≤0 ( x i < 0), ∀ i = 1 , . . . , n, respectively.
For a matrix A = [ a i j ] ∈ � 

n×n , the inequalities A �0 ( �0) and A �0 ( ≺0) mean that a ij ≥0
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p  
 a ij > 0) and a ij ≤0 ( a ij < 0), ∀ i, j = 1 , . . . , n, respectively. The matrix I is the identical matrix
ith proper dimensions. The symbol Co refers to the convex hull. Let e n = (1 , . . . , 1) T ∈ � 

n

nd e (i) n = ( 0, . . . , 0 ︸ ︷︷ ︸ 
i−1 

, 1 , 0, . . . , 0 ︸ ︷︷ ︸ 
n−i 

) T . The symbol ‖ x‖ 1 = 

∑ n 
i=1 | x i | denotes the 1-norm of vector

 = (x 1 , . . . , x n ) T . E { x} stands for the expectation of stochastic variable x . Throughout the
aper, the dimensions of vectors and matrices are assumed to be compatible if not stated. 

. Preliminaries 

Consider a class of discrete-time time-varying stochastic systems: 

(k + 1) = A (r k ) x(k) + B(r k ) u(k) , (1)

here x ( k ) ∈ � 

n and u ( k ) ∈ � 

m are the system state and the control input, respectively. The
ystem matrices are unknown with A ( r k ) ∈ � 

n ×n and B ( r k ) ∈ � 

n ×m . Let r k be the mode and
 r k , k ∈ N } be a jumping process taking values in a finite set S = { 1 , 2, . . . , S} , S ∈ N 

+ with
he transition rates: P (r k+1 = q| r k = p) = πpq , where πpq ≥0 and 

∑ S 
q=1 πpq = 1 , p, q ∈ S .

or convenience, denote by A i and B i the system matrices for r k = i. 
In the following section, we introduce some preliminaries on positive systems and stochastic

ystems. 

efinition 1 [1,2] . A system is positive if its state is nonnegative for any nonnegative initial
tate and any nonnegative control input. 

emma 1 [1,2] . A discrete-time system x(k + 1) = Ax(k) + Bu(k) is positive if and only if
 �0 and B �0 . 

emma 2. The system (1) is positive if A i �0 and B i �0, ∀ i ∈ S . 
Lemma 2 is a direct extension of Lemma 1 . Lemma 2 implies that a Markov jump system

s positive if all its subsystems are positive. 

emma 3 [1,2] . For a matrix A �0, the following two conditions are equivalent: 

(i) A is a Schur matrix; 
(ii) There exists a vector v � 0 such that (A − I ) T v ≺ 0. 

Give a positive system x(k + 1) = Ax(k) . By Lemma 1 , A �0. Choose a linear function
 (x(k)) = x(k) T v, where v is defined in Lemma 3 . It is clear that V ( x ( k )) is positive definite
ince x ( k ) �0 and v � 0. Denote the difference of V ( x ( k )) by �V (x(k)) = V (x(k + 1)) −
 (x(k)) . By the term (ii) in Lemma 3 , it is clear that �V ( x ( k )) < 0, ∀ x ( k )  = 0. Then, V ( x ( k ))
s a Lyapunov function of the considered positive system. Such a linear function is called
inear co-positive Lyapunov function and will be used later to reach the stability of the systems
onsidered in the paper. 

efinition 2 [3] . The positive system (1) with u(k) = 0 is mean-square stable if for given
nitial state x ( k 0 ) and initial mode r 0 , E {‖ x (k) ‖ 1 : x (k 0 ) , r 0 } → 0 as k → ∞ . 

. DMPC of PMJSs 

This section is divided into four sections. In the first section, the global system is decom-
osed into several subsystems. A linear performance index is constructed and uncertainties
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and constraints are introduced. The second section proposes the DMPC controller design. In 

the third section, the constraints are handled. The last section addresses the stochastic stability
of PMJSs. 

3.1. Linear DMPC framework 

Two classes of uncertainties are considered for system (1) . The first class is interval un-
certainty: 

�1 (r k ) := { [ A (r k ) B(r k )] 
∣∣A (r k ) � A (r k ) � A (r k ) , B (r k ) � B(r k ) � B (r k ) } , (2) 

where A ( r k ) ∈ � 

n ×n , B ( r k ) ∈ � 

n ×m and A (r k ) ∈ � 

n×n , B (r k ) ∈ � 

n×m are the lower and upper
bound matrices, respectively, and satisfy that A ( r k ) �0, B ( r k ) �0. The second one is polytopic
uncertainty: 

�2 (r k ) := Co{ [ A 

(1) (r k ) B 

( 1) (r k )] , . . . , [ A 

(L) (r k ) B 

( L) (r k )] } , (3) 

where A 

(� ) (r k ) ∈ � 

n×n , B 

( � ) (r k ) ∈ � 

n×m , � = 1 , 2, . . . , L are the vertex matrices and satisfy
that A 

( � ) ( r k ) �0, B 

( � ) ( r k ) �0. 
The model (1) can be decomposed into N subsystems: 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

x 11 (k + 1) 
. . . 

x ii (k + 1) 
. . . 

x NN (k + 1) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

= A i (r(k)) 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

x 11 (k) 
. . . 

x ii (k) 
. . . 

x NN (k) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

+(B 1 (r(k)) , . . . , B i (r(k)) , . . . , B N (r(k))) 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

u 1 (k) 
. . . 

u i (k) 
. . . 

u N (k) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

(4) 

where x ii (k) ∈ � 

n ii and u i (k) ∈ � 

m i . Then, the distributed systems with PMJSs can be given
as: 

x i (k + 1) = A i (r(k)) x i (k) + B i (r(k)) u i (k) + 

N ∑ 

j =1 , j  = i 
B j (r(k)) u j (k) , (5) 

where x i ( k ) ∈ � 

n and u i (k) ∈ � 

m i are the state and control input of the i th subsys-
tem, respectively, and m = 

∑ N 
i=1 m i . It should be pointed out that the state x i (k) =

(x 11 , . . . , x ii , . . . , x NN ) 
T contains all states of the system (4) , A i (r(k)) = A (r(k)) , and B i ( r ( k ))

is the i th column of B ( r ( k )). By (2) and (3) , the uncertainties of the system matrices in (5) are
rewritten as: 

�1 (r k ) = { [ A i (r k ) B i (r k )] 
∣∣A i (r k ) � A i (r k ) � A i (r k ) , B i (r k ) � B i (r k ) � B i (r k ) } , (6) 

and 

�2 (r k ) = Co{ [ A 

(1) 
i (r k ) B 

( 1) 
i (r k )] , . . . , [ A 

(L) 
i (r k ) B 

( L) 
i (r k )] } . (7) 

In the MPC and DMPC literature [32–34,41–43] , polytopic uncertain has been extensively 

employed to describe the uncertainty of systems owing to its powerful in modeling time-
varying and nonlinear processes. In this paper, we first follow the polytopic uncertainty used
in literature. On the other hand, we also introduce interval uncertainty to PMJSs. Interval
uncertainty can model a large class of uncertain systems by giving the lower and upper
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ounds of system matrices. Give a system x(k + 1) = Ax(k) , where A � A � A . Suppose
hat A �0 and A is a Shur matrix. First, we have A �A �0, which implies that the considered
ystem is positive. By Lemma 3 , there exists a vector v � 0 such that ( A − I ) T v ≺ 0. Thus,
A − I ) T v ≺ ( A − I ) T v ≺ 0. This reveals that the considered system is stable. In summary,
he positivity and stability of an interval positive system can be reached by guaranteeing
he positivity of the lower bound of the system and the stability of the upper bound of the
ystem, respectively. This is a good property of interval positive systems whereas it is not for
eneral interval systems (non-positive). Some statements about interval uncertainty can refer
o [30] . The challenge to tackle the interval uncertainty lies in how to design a controller
or guaranteeing either the positivity of the lower bound of interval uncertain systems or the
tability of the upper bound of interval uncertain systems. 

For general systems, the constraint conditions are usually presented based on the Euclidean
orm [25,26] . Note the fact that the states of positive systems are nonnegative. Thus, the
ollowing constraint conditions are introduced for the system (5) : 

| x i (k) || 1 ≤ δ, (8a)

| u i (k) || 1 ≤ η, (8b)

here δ > 0 and η> 0 are given constants. Some similar constraint conditions have also been
sed in [29] and [30] . 

The objective of this paper is to design a set of DMPC controllers: 

 i (k + s| k) = F ii (k, r k+ s| k ) x ii (k + s| k) + 

N ∑ 

j =1 , j  = i 

F i j (k, r k+ s| k ) x j j (k + s| k) , 

= F i (k, r k+ s| k ) x i (k + s| k) , i = 1 , 2, . . . , N, s = 1 , 2, . . . , ∞ (9)

uch that the system (5) is positive and stochastic stability by solving the optimization: 

min 

u i (k + s| k ) 
i=1 , 2, ... ,N,s≥0 

max 

[ A i (r k ) B i (r k )] ∈ �1 ( or, �2 ) 
i=1 , 2, ... ,N,r k+ s| k ∈ S 

J i (k) subject to (5) and (8) , 
(10)

ith the performance index function: 

 i (k) = E k 

{ 

∞ ∑ 

s=0 

(
x T i (k + s| k) ς(k + s| k) + u 

T 
i (k + s| k) 	 i (k + s| k) 

+ 

N ∑ 

j =1 , j  = i 

u 

∗T 
j (k + s| k) 	 j (k + s| k) 

)} 

, (11)

here x i (k + s| k) and u i (k + s| k) are the state and input predicted at time instant k , ς(k +
| k) � 0, 	 i (k + s| k) ≺ 0, 	 j (k + s| k) ≺ 0, and u 

∗
j (·) is the solution obtained from a previous

teration and kept fixed in the current iteration. As stated in [30] , there does not exist any
onnegative control law such that a discrete-time positive system is stable. Based on this point,
e assume that the DMPC control law to be designed is negative, that is, u 

T 
i (k + s| k) ≺

. Consequently, the corresponding parameters ς(k + s| k) , 	 i (k + s| k) , and 	 j (k + s| k) are
ntroduced to guarantee the validity of the performance index function. 
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3.2. DMPC design 

First, a stochastic linear co-positive Lyapunov function is constructed for the system (5) .
Then, a stochastic stability condition is derived. Finally, a DMPC controller design is proposed 

for the system (5) . 
By Eqs. (5) and (9) , the closed-loop system is: 

x i (k + s + 1 | k) = 

(
A i (p) + B i (p) F i (k, p) 

)
x i (k + s| k) + 

N ∑ 

j =1 , j  = i 

B j (p) F 

∗
j (k, p) x j (k + s| k) 

= 

(
A 

∗
i (p) + B i (p) F i (k, p) 

)
x i (k + s| k) , (12) 

where r k+ s| k = p, A 

∗
i (p) = A i (p) + 

∑ N 
j =1 , j  = i B j (p) F 

∗
j (k, p) and the second equation follows

from x i (k + s| k) = x j (k + s| k) . Construct a stochastic linear co-positive Lyapunov function:

V i (k + s| k) = x T i (k + s| k ) v i (k , p) , (13) 

where v i (k, p) � 0, v i (k, p) ∈ � 

n . To obtain the bound of the performance index in Eq. (10) ,
a robust stability condition is introduced: 

 i (k + s + 1 | k) − V i (k + s| k) ≤ −
(

x T i (k + s| k) ς(k + s| k) + u 

T 
i (k + s| k) 	 i (k + s| k) 

+ 

N ∑ 

j =1 , j  = i 

u 

∗T 
j (k + s| k) 	 j (k + s| k) 

)
. (14) 

Theorem 1. (Controller design) (a) Interval uncertainty). If there exist constants � > 1, 
γ i ( k ) > 0 and � 

n vectors v i (k, p) � 0, ξ
(ı ) 
i (k, p) ≺ 0, ξ i (k, p) ≺ 0 such that 

A 

∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, (15a)

A i (p) e T m i 

⎛ 

⎝ B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p) 

⎞ 

⎠ + h̄ 

N ∑ 

j =1 , j  = i 

B j ( p ) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) T 
j ( k, p ) 

+ B i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) T 
i (k, p) � 0, (15b) 

e T m i 

⎛ 

⎝ B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p) 

⎞ 

⎠ ≤ h̄ e T m j 

⎛ 

⎝ B 

T 
j (p) 

S ∑ 

q=1 

πpq v j (k, q) + 	 j (p) 

⎞ 

⎠ , (15c) 

B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p) � 0, (15d) 

ξ
(ı ) 
i (k, p) � ξ i (k, p) , ı = 1 , 2, . . . , m i , (15e)
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T 
i (k | k ) v i (k , p) ≤ γi (k) (16)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under the control law 

 i (k + s| k) = F i (k, p) x i (k + s| k) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

x i (k + s | k) , (17)

he interval uncertain system (5) is positive and satisfies the condition (14) , where A 

∗
i (p) =

 i (p) + 

∑ N 
j =1 , j  = i B j (p) F 

∗
j (k, p) . 

(b) Polytopic uncertainty. If there exist constants � > 1, γ i ( k ) > 0 and vectors v i (k, p) � 0
ith v i (k, p) ∈ � 

n , ρ i ( p ) �0 with ρi (p) ∈ � 

m i , ξ
(ı ) 
i (k, p) ∈ � 

n , ξ i (k, p) ≺ 0 with ξ i (k, p) ∈ � 

n

uch that 

 

(l ) ∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, (18a)

 

(l ) 
i (p) e T m i 

ρi (p) + h̄ 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) T 
j ( k) + B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) T 
i (k) � 0, (18b)

 

( l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i � ρi (p) , (18c)

 

T 
m i 

ρi (p) ≤ h̄ e T m j 
ρ j (p) , (18d)

(ı ) 
i (k, p) � ξ i (k, p) , ı = 1 , 2, . . . , m i , (18e)

nd (16) hold ∀ l ∈ { 1 , . . . , L} , ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under
he control law 

 i (k + s| k) = F i (k, p) x(k + s| k) = 

∑ m 

ı =1 e 
(ı ) 
m i 

ξ
(ı ) T 
i (k, p) 

e T m i 
ρi (p) 

x(k + s| k) , (19)

he polytopic system (5) is positive and satisfies the condition (14) , where A 

(l ) ∗
i (p) = A 

(l ) 
i (p) +

N ∑ 

j =1 , j  = i 
B 

( l ) 
j (p) F 

∗
j (k, p) . 

roof. Along the system (12) , the difference of the Lyapunov function in Eq. (13) is 

 k+ s| k (�V i (k + s| k)) = E k+ s| k 
(
V i (k + s + 1 | k) − V i (k + s| k) 

)
= E k+ s| k 

(
x T i (k + s + 1 | k ) v i (k , r k+ s+1 | k ) 

) − x T i (k + s| k ) v i (k , p) 

= x T i (k + s| k) 
((

A 

∗
i (p) + B i (p) F i (k, p) 

)T 
E k+ s| k ( v i ( k, r k+s+1 | k )) − v i (k, p) 

)
(20)

ombining Eqs. (9) , (14) , and (20) gives 

x T i (k + s| k) 
((

A 

∗
i (p) + B i (p) F i (k, p) 

)T 
E k+ s| k (v i (k, r k+ s+1 | k )) − v i (k, p) 
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+ ς(p) + F 

T 
i (k, p) 	 i (p) + 

N ∑ 

j =1 , j  = i 

F 

∗T 
j (k, p) 	 j (p) 

)

≤ 0. (21) 

By the expectation property of the Markov process, it follows that E k+ s| k (v i (k, r k+ s+1 | k )) =∑ S 
q=1 πpq v i (k, q) . Then, the inequality (21) is equivalent to 

x T i (k +s| k) 
((

A 

∗
i (p)+B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) −v i (k, p) + ς 

∗(p) + F 

T 
i (k, p) 	 i (p) 

)
≤0, 

(22) 

where ς 

∗(p) = ς(p) + 

∑ N 
j =1 , j  = i F 

∗T 
j (k, p) 	 j (p) . 

(a) Interval uncertainty. First, the positivity of the interval uncertain system (5) is dis-
cussed. By (15d) , it follows that e T m i 

( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) > 0. By (15b) , 

A i (p) + h̄ 

N ∑ 

j =1 , j  = i 

B j ( p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
j ( k, p) 

e T m i 
( B 

T 
i ( p) 

∑ S 
q=1 πpq v i ( k, q) + 	 i (p)) 

+ B i (p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

� 0. 

It is easy to obtain from (15c) that h̄ 
e T m i 

( B T i (p) 
∑ S 

q=1 πpq v i (k,q)+ 	 i (p)) 
≥ 1 

e T m j 
( B T j (p) 

∑ S 
q=1 πpq v j (k,q)+ 	 j (p)) 

. 

Together with ξ
(ı ) 
j (k, p) ≺ 0, (6) , and (17) gives 

0 � A i (p) + h̄ 

N ∑ 

j =1 , j  = i 

B j ( p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
j ( k, p) 

e T m i 
( B 

T 
i ( p) 

∑ S 
q=1 πpq v i ( k, q) + 	 i (p)) 

+ B i (p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

� A i (p) + 

N ∑ 

j =1 , j  = i 

B j (p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) T 
j (k, p) 

e T m j 
( B 

T 
j (p) 

∑ S 
q=1 πpq v j (k, q) + 	 j (p)) 

+ B i (p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

= A i (p) + 

N ∑ 

j =1 , j  = i 

B j (p) F j (k, p) + B i (p) F i (k, p) 

� A i (p) + 

N ∑ 

j =1 , j  = i 

B j (p) F j (k, p) + B i (p) F i (k, p) , 

which implies that the p th mode of the interval uncertain system (5) is positive by Lemma 1 .
Thus, the interval uncertain system (5) is positive by Lemma 2 . 
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Next, consider the validity of the condition (14) . By (15c) and (17) , the following inequal-
ties hold: 

F 

T 
i (k, p) B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + F 

T 
i (k, p) 	 i (p) 

�
∑ m i 

ı =1 ξ
(ı ) 
i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

(B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p)) 

�
∑ m i 

ı =1 ξ i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

(B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p)) 

= 

ξ i (k, p) e T m i 
(B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

� ξ i (k, p) . (23)

rom Eqs. (6) and (23) , 

(
A 

∗
i (p) + B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) + ς 

∗(p) + F 

T 
i (k, p) 	 i (p) 

� A 

∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ i (k, p) − v i (k, p) + ς 

∗(p) . (24)

ombining the fact x T i (k + s| k) � 0, (15a) , and (24) concludes that the condition (22) holds,
hat is, the condition (14) is satisfied. Noting the facts e T m i 

( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) >

and 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k, p) ≺ 0, it follows that F i ( k , p ) ≺0. Thus, u i (k + s| k) ≺ 0. 

Finally, the upper bound of the performance index in (10) is obtained. Taking the expec-
ation for both sides of the condition (14) and summing it up from s = 0 to ∞ give 

E k (V i (∞| k)) − E k (V i (k)) ≤ −E k 

( ∞ ∑ 

s=0 

(
x T i (k + s| k) ς(k + s| k) + u 

T 
i (k + s| k) 	 i (k + s| k) 

+ 

N ∑ 

j =1 , j  = i 
u 

∗T 
j (k + s| k) 	 j (k + s| k) 

))
. 

rom (14) , it is easy to have E k (V i (∞| k)) = 0. Thus, J i (k) ≤ E k (V i (k)) = x T i (k | k ) v i (k , p) .

et γ i ( k ) be the upper bound of J i ( k ) satisfying γi (k) ≥ x T i (k | k ) v i (k , p) , which is just the
ondition (16) . 

(b) Polytopic uncertainty. Using (18b) follows that 

A 

(l ) 
i (p) + h̄ 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j ( p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) T 
j ( k) 

e T m i 
ρi ( p) 

+ B 

( l ) 
i ( p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i ( k) 

e T m i 
ρi ( p) 

� 0. 

y (18d) , it derives that h̄ 
e T m i 

ρi (p) 
≥ 1 

e T m j 
ρ j (p) 

. Together with ξ
(ı ) 
j (k, p) ≺ 0, (7) , and (19) gives 

 � A 

(l ) 
i (p) + h̄ 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j ( p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) T 
j ( k) 

e T m i 
ρi ( p) 

+ B 

( l ) 
i ( p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i ( k) 

e T m i 
ρi ( p) 
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� A 

(l ) 
i (p) + 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j (p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) T 
j (k) 

e T m j 
ρ j (p) 

+ B 

(l ) 
i (p) 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) T 
i (k) 

e T m i 
ρi (p) 

= A 

(l ) 
i (p) + 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j (p) F j (k, p) + B 

( l ) 
i (p) F i (k, p) . (25) 

From Eqs. (7) and (12) , the polytopic uncertain system (5) can be rewritten as: 

x i (k + s + 1 | k) = 

L ∑ 

l=1 

λl 

(
A 

(l ) 
i (p) + 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j (p) F j (k, p) + B 

( l ) 
i (p) F i (k, p) 

)
x i (k + s| k) , (26)

where 
∑ L 

l=1 λl = 1 , λl ≥ 0. From (25) , the system (26) is positive by Lemma 1 . 
By (18c) and (19) , it holds that 

F 

T 
i (k, p) B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + F 

T 
i (k, p) 	 i (p) (27) 

�
∑ m i 

ı =1 ξ i (k, p) e (ı ) T m i 

e T m i 
ρi (p) 

(B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p)) 

= 

ξ i (k, p) e T m i 
(B 

(l ) T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

e T m i 
ρi (p) 

� ξ i (k, p) . (27) 

From (7) and (27) , 

(
A 

∗
i (p) + B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) + ς 

∗(p) + F 

T 
i (k, p) 	 i (p) 

= 

L ∑ 

l=1 

λl 

((
A 

(l ) ∗
i (p) + B 

( l ) 
i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) + ς 

∗(p) + F 

T 
i (k, p) 	 i (p) 

)

�
L ∑ 

l=1 

λl 

(
A 

(l ) ∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ i (k, p) − v i (k, p) + ς 

∗(p) 
)
. (28) 

By Eqs. (18a) and (28) , it can be derived that the condition (22) holds, that is, the condition
(14) is satisfied. 

Finally, the upper bound of the performance index in Eq. (10) can be achieved by Eq.
(16) and the corresponding proof is the same as that in the interval uncertain case. �
Remark 1. In (17) , a matrix decomposition technique is employed for the design of DMPC
controller gain matrix F i ( k , p ). A decomposed form of F i ( k , p ) in (17) is given by: 

F i (k, p) = 

1 

e T m i 
( B 

T 
i (p) ̂  v i (k) + 	 i (p)) 

(
e (1) 

m i 
ξ

(1) T 
i (k, p) + e (2) 

m i 
ξ

(2) T 
i (k, p) + · · · + e (m i ) 

m i 
ξ

(m i ) T 
i (k, p) 

)

= 

1 

e T m i 
( B 

T 
i (p) ̂  v i (k) + 	 i (p)) 

((
ξ

(1) 
i (k, p) , 0, . . . , 0 ︸ ︷︷ ︸ 

m i 

)T + 

(
0, ξ

(2) 
i (k, p) , 0, . . . , 0 ︸ ︷︷ ︸ 

m i 

)T 
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T  
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(
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(m i ) 
i (k, p) ︸ ︷︷ ︸ 

m i 

)T 
)
, 

here 0 = (0, . . . , 0) T ∈ � 

n . Under the decomposed form, it is easy to transform the robust
table condition (14) into (15a) . Moreover, the positivity condition (15b) is obtained. It is
lear that Eq. (15a) and (15b) are solved in terms of linear programming. A similar method
s used in Eq. (19) . 

emark 2. In [30] , it was shown that there does not exist a nonnegative feedback controller
uch that a discrete-time positive system is stable. Hence, the MPC controller in [30] was
equired to be negative. This paper follows the method in [30] . It should be pointed out
hat there may exist a controller with nonnegative and non-positive components such that the
orresponding system is stable. Thus, it would be interesting to remove the sign restriction
f the DMPC in Eqs. (17) and (19) in future work. 

emark 3. For general systems (non-positive), a Lyapunov function is usually constructed
n a quadratic form: V (x(k)) = x T (k) P x(k) , where P is a positive definite matrix with com-
atible dimension. Such a quadratic form can guarantee the positive definite property of the
yapunov function. Stochastic Lyapunov functions with a quadratic form are widely used
or MJSs [9–13] . The state of positive systems is nonnegative. Therefore, a linear function:
 (x(k)) = x T (k) v can be chosen as the Lyapunov function of positive systems, where v � 0
ith compatible dimension. Under the linear Lyapunov function, linear programming is nat-
rally employed as computation tool. A linear approach including linear Lyapunov functions
nd linear programming has been employed for positive systems [4–8] . Consequently, linear
tochastic Lyapunov functions and linear programming have also been developed for PMJSs
15–21] . In [39–43] , the DMPC has been considered. In [41–43] , linear matrix inequalities
ere chosen as the computation method. For PMJSs, the number of linear matrix inequalities

onditions may increase twice since the positivity of the systems are required besides the sta-
ility. Consequently, the traditional DMPC framework is not very suitable for PMJSs. From
he Introduction, it is not hard to find that a linear approach is more effective for positive
ystems than other approaches. Therefore, Theorem 1 proposes a linear Lyapunov function
ssociated with linear programming approach for the DMPC controller design of PMJSs. 

emark 4. To guarantee the linearity of the conditions (15) and (18), the parameter � is
iven. Two questions yield: (i) how to choose the parameter, and (ii) whether the parameter
ill bring conservatism to Theorem 1. For the first question, a suggested algorithm is provided

ater. A discussion on the second question is given as follows. For two positive real numbers
 and b , a fact is that there must exist a constant � > 1 such that a < � b . This reveals that
he conditions (15d) and (18d) do not increase the restriction for the conditions (15) and
18), respectively. Take (15b) and (18b) into account. If the inequality A + BK � 0 holds,
hen there must exist a constant � > 1 such that A + h̄ BK 

′ � 0 holds, where A �0, B �0, and
 = h̄ K 

′ . Based on this point, the conditions (15b) and (18b) do not bring the conservatism
o the conditions (15) and (18), respectively. 

To obtain the value of γ i ( k ), a linear programming can be implemented: 

min 

v i (k,p) ,ξ
(ı ) 
i (k,p) , ξ i (k,p) 

γi (k) subject to (15) and (16) ( or, (18) and (16) ) . (29)

o choose the value of � and compute (29) , a suggestive algorithm is introduced as follows:
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Algorithm 1 

Step 1: Let h̄ ∈ [1 , ¯̄h ] , where ¯̄h is a given constant. Set h̄ i = 1 + σi ( ̄h̄ − 1) , where i =
1 , 2, . . . , M, M ∈ N and σ i is a random number in the interval [0,1]. 

Step 2: Substitute h̄ i , i = 1 , 2, . . . , M, into (15) (or, (18)). If the condition (15) (or, (18))
is feasible, denote the corresponding values of � i as h̄ f i , i = 1 , 2, . . . , M f , where M f ≤M and
go to Step 4. Otherwise, go to Step 3. 

Step 3: Choose h̄ ∈ [ ̄h̄ , ¯̄h 

′ 
] , where ¯̄h 

′ 
is a given constant. Set h̄ i = 1 + σi ( ̄h̄ 

′ − ¯̄h ) , where
i = 1 , 2, . . . , M 

′ , M 

′ ∈ N and σ i is a random number in the interval [0,1]. Repeat Step 2. 
Step 4: Implement the optimization (29) for each h̄ f i , i = 1 , 2, . . . , M f and find the minimal

value of γ i ( k ). 

Theorem 2. If the optimization (29) is feasible at time instant k for the initial state x ( k )
and initial mode r k , then the optimization (29) is also feasible at any time instant k ′ ≥k.
Moreover, the DMPC controller obtained from (29) guarantees the stability of the system 

(5) with interval/polytopic uncertainties in the mean-square sense. 

Proof. (a) Interval uncertainty. Assume that the optimization (29) is feasi- 
ble at the sample time instant k . Denote the optimization solution as �i (k) =
{ γ ∗

i (k) , F 

∗
i (k, p) , v i (k, p) , ξ

(ı ) 
i (k, p) , ξ i (k, p) , h̄ } and the control sequence as U i (k) =

{ u i (k) , u i (k + 1 | k) , . . . , u i (k + M − 1 | k) } , where M is the predictive step. By (16) ,
 i (k | k ) ≤ γ ∗

i (k) . At the (k + 1) th sample time instant, construct a feasible solution as
�i (k + 1) = { γi (k + 1) = γ ∗

i (k) , F i (k + 1 , p) = F 

∗
i (k, p) , v i (k, p) , ξ

(ı ) 
i (k, p) , ξ i (k, p) , h̄ } and

a control sequence as U i (k + 1) = { u i (k + 1 | k) , . . . , u i (k + M − 1 | k) , 0} . First, �i (k + 1) is
a solution to (15). Then, the condition (14) holds, that is, V (k + 1 | k + 1) ≤ V (k | k ) . Thus,
 (k + 1 | k + 1) ≤ γ ∗

i (k) = γi (k + 1) . This implies that the optimization (29) is feasible at
the sample time instant k + 1 . By a recursive induction, the feasibility of the optimization
(29) is reached. 

From (15) and (20) , we have E k+ s| k 
(
V i (k + s + 1 | k) 

) ≤ V i (k + s| k) , ∀ s = 1 , 2, . . . . That
is to say, E k+ s| k 

(
V i (k + s + 1 | k) 

)
is non-increasing with time. As s → ∞ , E k+ s| k 

(
V i (k + s +

1 | k) 
) → 0. Since V i (k + s + 1 | k) ≥ αi ‖ x i (k + s + 1 | k) ‖ 1 , then E k+ s| k 

( ‖ x i (k + s + 1 | k) ‖ 1
| x(k) , r k 

) → 0, where αi = min 

p=1 , 2, ... ,S, 
j=1 , 2, ... ,n 

v ( j) 
i (k, p) with v ( j) 

i (k, p) being the j th element of v i (k, p) .

By Definition 2 , the system (5) is stochastically stable. 
(b) Polytopic uncertainty. The proof of the polytopic uncertainty case is similar to (a)

and omitted. �

3.3. Handling constraints 

In this section, a linear programming approach is presented to handle the constraints in
(8). 

Theorem 3. (Handling constraints) (a) Interval uncertainty. If there exist constants � > 1, 
γ i ( k ) > 0, ε > 0 and � 

n vectors v i (k, p) � 0, ξ
(ı ) 
i (k, p) ≺ 0, ξ i (k, p) ≺ 0 such that (15), (16) ,

and 

v i (k, p) � εe n , (30a) 

γi (k) ≤ δε, (30b) 
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(
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1  
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w

N  

s  

−

 

 

(

3

 

p

L  

0
 

a  

{

e T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p)) e n + δ

m i ∑ 

ı =1 

ξ
(ı ) 
i (k, p) e (ı ) T m i 

e m p � 0, (30c)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in (8) are handled
nder the control law (17) . 

(b) Polytopic uncertainty. If there exist constants � > 1, γ i ( k ) > 0, ε > 0 and vectors
 i (k, p) � 0 with v i (k, p) ∈ � 

n , ρ i ( p ) �0 with ρi (p) ∈ � 

m i , ξ
(ı ) 
i (k, p) ∈ � 

n , ξ i (k, p) ≺ 0 with

i (k, p) ∈ � 

n such that (18), (16) , and 

v i (k, p) � εe n , 
γi (k) ≤ δε, 

ηe T m i 
ρi (p) e n + δ

∑ m i 
ı =1 ξ

(ı ) 
i (k, p) e (ı ) T m i 

e m p � 0, 

(31)

old ∀ l ∈ { 1 , . . . , L} , ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in
8) are handled under the control law (19) . 

roof. (a) Interval uncertainty. From Theorem 1, the condition (14) holds. Then x T i (k + s +
 | k ) v i (k , p) ≤ x T i (k + s| k ) v i (k , p) ≤ . . . ≤ x T i (k | k ) v i (k , p) . Together with (16) gives x T i (k +
 + 1 | k ) v i (k , p) ≤ γi (k) . By (30a) and (30b) , it derives that 

εx T i (k + s + 1 | k) e n ≤ x T i (k + s + 1 | k ) v i (k , p) ≤ γi (k) ≤ δε, (32)

hich verifies the validity of the constraint (8a) . 
Using (30c) gives 

ηe n + δ

∑ m i 
ı =1 ξ

(ı ) 
i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

e m i � 0. 

oting the control law in (17) , it follows that −δF 

T 
i (k, p) e m i � ηe n . Thus, −δx T i (k +

| k ) F 

T 
i (k , p) e m p ≤ ηx T i (k + s| k ) e n , that is, −u 

T 
i (k + s| k) e m i ≤ η

δ
x T i (k + s| k) e n . By (32) ,

u 

T 
i (k + s| k) e m i = ‖ u(k + s| k) ‖ 1 ≤ η

δ
x T i (k + s| k) e n ≤ η, which handles the constraint (8b) . 

(b) Polytopic uncertainty. The proof is similar to that in (a) and omitted. �
To obtain the value of γ i ( k ), a linear programming can be implemented: 

min 

v i (k,p) ,ξ
(ı ) 
i (k,p) , ξ i (k,p) ,ε

γi (k) subject to (15) , (16) , and (30) ( or, (18), (16), and (31) ) . (33)

The conditions in Theorems 1 and 3 are all linear programming. Thus, the optimization
29) and (33) can be solved in terms of linear programming. 

.4. Robust DMPC algorithm 

In this section, a cone as the invariant set is established for the systems. Then, a linear
rogramming based DMPC algorithm is proposed. 

emma 4. (Invariant set) Define a cone �i = { x i | x T i (k) v i (k, p) ≤ γi (k ) } , ∀ x(k ) � 0, γp (k) >

, ∀ p ∈ { 1 , . . . , S} . Then, �i is an invariant set of the system (5) . 
By (15) and (18), the condition (14) holds. Together with (16) , it is clear that �i is

n invariant set of the system (5) . From the proof of Theorem 2 , it follows that �i ∈
 x (k) | E {‖ x (k) ‖ 1 | x 0 , r 0 } → 0} . 
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Theorem 4. If the optimization (33) is feasible at time instant k for the initial state x ( k ) and
initial mode r k , then the optimization (33) is also feasible at any time instant t ≥k. Moreover,
the DMPC controller obtained from (33) guarantees the robustly stochastic stability of the 
system (5) with interval/polytopic uncertainties in the mean-square sense. 

The proof of Theorem 4 is similar to that in Theorem 2 and omitted. To solving the
optimization (33) , an algorithm is given as follows: 

Algorithm 2 

Step 1: Set F j (0, p) = 0 for k = 0. Choose a value � such that (33) is feasible using linear
search method. Assume that the feasible solutions are F 

(0) 
i (0, p) . Set F i (0, p) = F 

(0) 
i (0, p) at

time instant k = 0. 
Step 2: Fix the value � in Step 1 and implement the linear programming (33) at the time

instant s = 1 to obtain F i (1, p ). 
Step 3: Implement the linear programming (33) at the time instant s = n to obtain F i ( n ,

p ). If (33) is feasible, check the convergence condition ‖ F i (n, p) − F i (n − 1 , p) ‖ 1 ≤ ε i , ∀ i ∈
{ 1 , . . . , N } , where εi > 0 is a prescribed error. If (33) is infeasible, set F i (n, p) = F i (n − 1 , p) .

Step 4: Apply the control input u i (k + n| k) = F i (k, p) x(k + n| k) to the corresponding sub-
system and implement the linear programming (33) at the time instant k = k + n + 1 by
repeating Step 3. 

4. Extensions to general systems 

In Section 3 , the DMPC of PMJSs is considered. It has also been stated that the linear
approach has some advantages with respect to the quadratic approach. This section attempts 
to develop the approach in Section 3 for general systems. In Section 3 , the interval and
polytopic uncertainties in Eqs. (2) and (3) require the nonnegative property of the system
matrices. Here, the nonnegative restriction is removed, that is, the system matrices in Eqs.
(2) and (3) do not contain any sign restriction. Assume that the considered systems can be
positively stabilized, which means that there exists a control law such that the considered 

systems are positive and stable. 
We modify the optimization problem (10) as 

min 

u i (k + s| k ) 
i=1 , 2, ... ,N,s≥0 

max 

[ A i (r k ) B i (r k )] ∈ �1 ( or, �2 ) 
i=1 , 2, ... ,N,r k+ s| k ∈ S 

J i (k) subject to (5) and (8) , (34) 

with the performance index function: 

J i (k) = E k 

{ 

∞ ∑ 

s=0 

(
x T i (k +s| k) ς(k + s| k) + u 

+ T 
i (k + s| k) 	 

+ 

i (k + s| k) + u 

−T 
i (k + s| k) 	 

−
i (k + s| k) 

+ 

N ∑ 

j =1 , j  = i 

(
u 

∗−T 
j (k + s| k) 	 

−
j (k + s| k) + u 

∗+ T 
j (k + s| k) 	 

+ 

j (k + s| k) 
))} 

, (35) 

where x i (k + s| k) and u i (k + s| k) = u 

+ 

i (k + s| k) + u 

−
i (k + s| k) with u 

+ 

i (k + s| k) � 0 and
u 

−
i (k + s| k) � 0 are the state and input predicted at time instant k , ς(k + s| k) � 0, 	 

+ 

i (k +
s| k) � 0, 	 

−
i (k + s| k) ≺ 0, 	 

+ 

j (k + s| k) � 0, 	 

−
j (k + s| k) ≺ 0, and u 

∗
j (·) = u 

+ ∗
j (·) + u 

−∗
j (·) is

the solution obtained from a previous iteration and kept fixed in the current iteration. 

Remark 5. Considering the property of positive systems, a negative DMPC controller is 
designed in Section 3 , that is, u i (k + s| k) ≺ 0. For general systems, the negative DMPC
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ontroller is rigorous. Therefore, the sign restriction of the controller is removed in this
ection. Consequently, the optimization (34) is introduced. For the DMPC of general systems,
 quadratic performance index is usually used [41–43] . Here, a positive system approach is
mployed to deal with the DMPC problem of MJSs. Following the approach in Section 3 , a
inear performance index (35) is given. 

The linear robust stability condition (14) is changed as: 

 i (k + s + 1 | k) − V i (k + s| k) 

≤ −
(

x T i (k + s| k) ς(k + s| k) + u 

+ T 
i (k + s| k) 	 

+ 

i (k + s| k) + u 

−T 
i (k + s| k) 	 

−
i (k + s| k) 

+ 

N ∑ 

j =1 , j  = i 

(
u 

∗−T 
j (k + s| k) 	 

−
j (k + s| k) + u 

∗+ T 
j (k + s| k) 	 

+ 

j (k + s| k) 
))

. (36)

.1. Interval uncertainty 

The first section first considers the interval uncertainty case. From Section 3 , it can
e found that the sign of the system matrices B i ( p ) is key to the DMPC design. The
atrices B i ( p ) is divided into B i (p) = B 

−
i (p) + B 

+ 

i (p) , where B 

−
i (p) � 0 and B 

+ 

i (p) �
consisting of all non-positive and nonnegative elements of B i ( p ), respectively. Then,

enote B i (p) = B 

−
i (p) + B 

+ 

i (p) and B i (p) = B 

−
i (p) + B 

+ 

i (p) , where B 

−
i (p) � 0, B 

+ 

i (p) �
, B 

−
i (p) � 0, B 

+ 

i (p) � 0 and B 

−
i (p) , B 

+ 

i (p) and B 

−
i (p) , B 

+ 

i (p) are the corresponding lower
nd upper bounds, respectively. For the cases B 

−
i (p) = 0 and B 

+ 

i (p) = 0, the results are
rivial and similar to Section 3 . Therefore, only the cases B 

−
i (p)  = 0 and B 

+ 

i (p)  = 0 are con-
idered. Accordingly, the controller gain is given as: F i (k, p) = F 

−
i (k, p) + F 

+ 

i (k, p) , where
 

−
i (k, p) � 0 and F 

+ 

i (k, p) � 0. 

heorem 5 (Controller design) . If there exist constants � 1 > 1, � 2 > 1, γ i ( k ) > 0 and � 

n vectors
 i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0 such that 

 

∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + h̄ 2 ξ
+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, (37a)

 i (p) e T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) + 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) 

+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j ( k, p) 

+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) + B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) 

+ B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) � 0, (37b)

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) ≤ h̄ 1 e T m j 

( B 

T 
j (p) 

∑ S 
q=1 πpq v j (k, q) + 	 

−
j (p)) , (37c)
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e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) ≤ h̄ 2 e T m i 

( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) , (37d) 

B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p) � 0, (37e) 

ξ
(ı )+ 

i (k, p) � ξ+ 

i (k, p) , ξ
(ı ) −
i (k, p) � ξ−

i (k, p) , ı = 1 , 2, . . . , m i , (37f) 

and (16) hold ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under the control law
u i (k + s| k) = F i (k, p) x i (k + s| k) = (F 

+ 

i (k, p) + F 

−
i (k, p)) x i (k + s| k) with 

F 

+ 

i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı )+ T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

, 

F 

−
i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) −T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

, (38) 

the interval uncertain system (5) is positive and satisfies the condition (36) , or there exist
constants 1 > � 1 > 0, γ i ( k ) > 0 and � 

n vectors v i (k, p) � 0, ξ
(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0,

ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0 such that 

A 

∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, 

A i (p) e T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) 

+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) + 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j ( k, p) 

+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) 

+ B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) � 0, 

e T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) ≤ h̄ 1 e 

T 
m j 

( B 

T 
j (p) 

S ∑ 

q=1 

πpq v j (k, q) + 	 

−
j (p)) , 

B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p) ≺ 0, 

ξ
(ı )+ 

i (k, p) � ξ+ 

i (k, p) , ξ
(ı ) −
i (k, p) � ξ−

i (k, p) , ı = 1 , 2, . . . , m i , (39) 

and (16) hold ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under the control law
u i (k + s| k) = F i (k, p) x i (k + s| k) = (F 

+ 

i (k, p) + F 

−
i (k, p)) x i (k + s| k) with 

F 

+ 

i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) −T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

, 
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t

A
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0

 

T

A

 

B

B

B

 

S

A

 

−
i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı )+ T 
i (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

, (40)

he interval uncertain system (5) is positive and satisfies the condition (36) , where 

 

∗
i (p) = A i (p) + 

N ∑ 

j =1 , j  = i 

( B j (p) F 

+ ∗
j (k, p) + B j (p) F 

−∗
j (k, p)) . 

roof. Consider the validity of Theorem 5 under the condition (37). The proof of the condition
38) is similar and omitted. By (37e) , it follows that e T m i 

( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) >

. By (37c) , it is easy to obtain 

h̄ 1 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

≥ 1 

e T m j 
( B 

T 
j (p) 

∑ S 
q=1 πpq v j (k, q) + 	 

−
j (p)) 

≥ 1 

h̄ 1 e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

. (41)

ogether with ξ
(ı )+ 

j (k, p) � 0, ξ
(ı ) −
j (k, p) ≺ 0, and (6) gives 

 i (p) + 

N ∑ 

j =1 , j  = i 

B j (p) F j (k, p) + B i (p) F i (k, p) 

= A i (p) + 

N ∑ 

j =1 , j  = i 

B j (p)(F 

+ 

j (k, p) + F 

−
j (k, p)) + B i (p)(F 

+ 

i (k, p) + F 

−
i (k, p)) 

� A i (p) + 

N ∑ 

j =1 , j  = i 

(
B j (p) F 

+ 

j (k, p) + B j (p) F 

−
j (k, p) 

)
+ 

(
B i (p) F 

+ 

i (k, p) + B i (p) F 

−
i (k, p) 

)
. 

(42)

y Eqs. (38) and (41) , 

 j (p) F 

+ 

j (k, p) � B 

+ 

j (p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı )+ T 
j (k, p) 

h̄ 1 e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v j (k, q) + 	 

−
i (p)) 

+ B 

−
j (p) 

h̄ 1 
∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı )+ T 
j (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

, 

 j (p) F 

−
j (k, p) � B 

+ 

j (p) 
h̄ 1 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) −T 
j (k, p) 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

+ B 

−
j (p) 

∑ m j 

ı =1 e 
(ı ) 
m j 

ξ
(ı ) −T 
j (k, p) 

h̄ 1 e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

. (43)

ubstituting (43) into (42) yields that 

 i (p) + 

N ∑ 

j =1 , j  = i 

B j (p) F j (k, p) + B i (p) F i (k, p) 
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� 1 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 i (p)) 

(
e T m i 

( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 i (p)) A i (p) 

+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j ( k, p) 

+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) + 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

−
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j ( k, p) 

+ B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + B i (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) 

)
. (44) 

From Eq. (37b) , it is clear that A i (p) + 

∑ N 
j =1 , j  = i B j (p) F j (k, p) + B i (p) F i (k, p) � 0, which

implies that the p th mode of the interval uncertain system (5) is positive by Lemma 1 . Thus,
the interval uncertain system (5) is positive by Lemma 2 . 

Next, consider the validity of the condition (36) . Similar to (14) , the condition (36) is
equivalent to: 

x T i (k + s| k) 
((

A 

∗
i (p) + B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) 

+ ς 

∗(p) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

)
≤ 0, 

where ς 

∗(p) = ς(p) + 

∑ N 
j =1 , j  = i (F 

+ ∗T 
j (k, p) 	 

+ 

j (p) + F 

−∗T 
j (k, p) 	 

−
j (p)) . By (37d) and (38) , 

F 

T 
i (k, p) B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

= 

∑ m i 
ı =1 ξ

(ı )+ 

i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

(B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

+ 

i (p)) 

+ 

∑ m i 
ı =1 ξ

(ı ) −
i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

(B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) 

�
∑ m i 

ı =1 ξ
(ı )+ 

i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

+ 

i (p)) 

+ 

∑ m i 
ı =1 ξ

(ı ) −
i (k, p) e (ı ) T m i 

e T m i 
( B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p)) 

( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) 

� h̄ 2 ξ
+ 

i (k, p) + ξ−
i (k, p) . (45) 

From (6) and (45) , 

(
A 

∗
i (p) + B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) 
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d

+ ς 

∗(p) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

� A 

∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + h̄ 2 ξ
+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) . (46)

ombining the fact x T i (k + s| k) � 0, (37a) , and (46) concludes that the condition
36) holds. �
emark 6. In Theorem 1 , the open-loop interval uncertain system (5) is assumed to be
ositive. The condition (15b) is presented to guarantee the positivity of the corresponding
losed-loop system. In Theorem 5, a positive system approach is used for the DMPC of
eneral systems (non-positive open-loop systems). To guarantee the positivity of the system
5) , the condition (37b) is introduced. Noting the controller gain matrices in (17) and (38) , the
ormer is required to be negative whereas the latter is not. Assume that Theorem 5 employs
 similar controller to (17) , then the corresponding positivity condition has a similar form to
15b) . On the other hand, the DMPC design approach in Theorem 5 can be developed for
heorem 1 and remove the sign restriction of the DMPC controller gain matrix in Theorem
. 

heorem 6 (Handling constraints) . If there exist constants � 1 > 1, � 2 > 1, γ i ( k ) > 0, ε > 0 and
 

n vectors v i (k, p) � 0, ξ
(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0 such
hat (37), (16) , and 

v i (k, p) � εe n , (47a)

γi (k) ≤ δε, (47b)

m i ∑ 

ı =1 

ξ
(ı )+ 

i (k, p) e (ı ) T m i 
e m p − δ

m i ∑ 

ı =1 

ξ
(ı ) −
i (k, p) e (ı ) T m i 

e m p − ηe T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) 

+ 	 

−
i (p)) e n � 0, (47c)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in (8) are handled
nder the control law (38) , or there exist constants 1 > � 1 > 0, γ i ( k ) > 0, ε > 0 and vectors
 i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0 such that (39) , (16) ,
nd 

 i (k, p) � εe n , 

γi (k) ≤ δε, 

δ

m i ∑ 

ı =1 

ξ
(ı ) −
i (k, p) e (ı ) T m i 

e m p − δ

m i ∑ 

ı =1 

ξ
(ı )+ 

i (k, p) e (ı ) T m i 
e m p 

− ηe T m i 
( B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) e n � 0, (48)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in Eq. (8) are han-
led under the control law (40) . 
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Proof. From Eqs. (47c) and (38) , δF 

+ T 
i (k, p) e m p − δF 

−T 
i (k, p) e m p − ηe n � 0. Thus, δu 

+ T 
i (k +

s| k) e m p − δu 

−T 
i (k + s| k) e m p ≤ ηx T (k + s| k) e n , and consequently, 

‖ u i (k + s| k) ‖ 1 ≤ ‖ u 

+ 

i (k + s| k) ‖ 1 + ‖ u 

−
i (k + s| k) ‖ 1 = u 

+ T 
i (k + s| k) e m p − u 

−T 
i (k + s| k) e m p ≤

The proof of the second case is similar to the first case and is omitted. �

Theorems 5 –6 have developed the DMPC design approach of interval positive systems to
general systems. The feasibility and robustly stochastic stability of the systems can be given 

using similar methods in Theorems 3 –4 Theorems 3 and 4. 

4.2. Polytopic uncertainty 

This section further develops the approach in Section 3 for the polytopic case. Similar
to Section 4.1 , the sign restriction of the system matrices is removed. Denote B 

(l ) 
i (p) =

B 

(l ) −
i (p) + B 

( l )+ 

i (p) , where B 

( l ) −
i (p) � 0 and B 

( l )+ 

i (p) � 0. 

Theorem 7 (Controller design) . If there exist constants � 1 > 1, � 2 > 1, γ i ( k ) > 0 and vectors
v i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0, ρi (p) � 0 such
that 

A 

(l ) ∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + h̄ 2 ξ
+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, (49a)

A 

(l ) 
i (p) e T m i 

ρi (p)+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j ( k, p)+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p)

+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j ( k, p) 

+ B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı )+ T 
i (k, p) + B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) −T 
i (k, p) � 0, (49b) 

e T m i 
ρi (p) ≤ h̄ 1 e T m j 

ρ j (p) , (49c) 

B 

(l ) T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p) � ρi (p) , (49d) 

B 

( l ) T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

+ 

i (p) ≺ h̄ 2 ρi (p) , (49e) 

ξ
(ı )+ 

i (k, p) � ξ+ 

i (k, p) , ξ
(ı ) −
i (k, p) � ξ−

i (k, p) , ı = 1 , 2, . . . , m i , (49f) 

and (16) hold ∀ p ∈ S , ∀ l ∈ { 1 , . . . , L} , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under
the control law u i (k + s| k) = F i (k, p) x i (k + s| k) = (F 

+ 

i (k, p) + F 

−
i (k, p)) x i (k + s| k) with 

F 

+ 

i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı )+ T 
i (k, p) 

e T m i 
ρi (p) 

, F 

−
i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) −T 
i (k, p) 

e T m i 
ρi (p) 

, (50) 
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t

F  
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he polytopic system (5) is positive and satisfies the condition (36) , or there exist constants
 > � 1 > 0, γ i ( k ) > 0 and vectors v i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0,

−
i (k, p) ≺ 0, ρi (p) ≺ 0 such that 

 

(l ) ∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + ξ+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) ≺ 0, 

A 

(l ) 
i (p) e T m i 

ρi (p) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j ( k, p) 

+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) 

+ 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) + 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j ( k, p) 

+ B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı )+ T 
i (k, p) + B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) −T 
i (k, p) � 0, 

e T m i 
ρi (p) ≤ h̄ 1 e 

T 
m j 

ρ j (p) , 

B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

+ 

i (p) ≺ ρi (p) , 

ξ
(ı )+ 

i (k, p) � ξ+ 

i (k, p) , ξ
(ı ) −
i (k, p) � ξ−

i (k, p) , ı = 1 , 2, . . . , m i , (51)

nd (16) hold ∀ p ∈ S , ∀ l ∈ { 1 , . . . , L} , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then under
he control law u i (k + s| k) = F i (k, p) x i (k + s| k) = (F 

+ 

i (k, p) + F 

−
i (k, p)) x i (k + s| k) with 

 

+ 

i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı ) −T 
i (k, p) 

e T m i 
ρi (p) 

, F 

−
i (k, p) = 

∑ m i 
ı =1 e 

(ı ) 
m i 

ξ
(ı )+ T 
i (k, p) 

e T m i 
ρi (p) 

, (52)

he polytopic system (5) is positive and satisfies the condition (36) , where A 

(l ) ∗
i (p) = A 

(l ) 
i (p)+

 N 
j =1 , j  = i B 

( l ) 
j (p) F 

∗
j (k, p) . 

roof. Consider the proof of the condition (49). By (49c) , it follows that h̄ 
e T m i 

ρi (p) 
≥ 1 

e T m j 
ρ j (p) 

≥
1 

h̄ e T m i 
ρi (p) 

. Together with (7) and (50) gives 

 

(l ) 
i (p) + 

N ∑ 

j =1 , j  = i 

B 

( l ) 
j (p) F j (k, p) + B 

( l ) 
i (p) F i (k, p) 

� 1 

e T m i 
ρi (p) 

(
A 

(l ) 
i (p) + 

1 

h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j ( k, p) 

+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l )+ 

j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j (k, p) 
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+ h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j (p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı )+ T 
j (k, p) + h̄ 1 

N ∑ 

j =1 , j  = i 

B 

( l ) −
j ( p) 

m j ∑ 

ı =1 

e (ı ) m j 
ξ

(ı ) −T 
j ( k, p) 

+ B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı )+ T 
i (k, p) + B 

( l ) 
i (p) 

m i ∑ 

ı =1 

e (ı ) m i 
ξ

(ı ) −T 
i (k, p) 

)
. 

By (49b) , A 

(l ) 
i (p) + 

∑ N 
j =1 , j  = i B 

( l ) 
j (p) F j (k, p) + B 

( l ) 
i (p) F i (k, p) � 0. Thus, the system (26) is

positive by Lemma 1 . 
Next, the validity of the condition (36) is given. By (49d) and (49e) , 

F 

T 
i (k, p) B 

T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

= 

L ∑ 

l=1 

λl 

(
F 

+ T 
i (k, p) 

(
B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

+ 

i (p) 
)

+ F 

−T 
i (k, p) 

(
B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p) 

))

= 

L ∑ 

l=1 

λl 

(∑ m i 
ı =1 ξ

(ı )+ 

i (k, p) e (ı ) T m i 

e T m i 
ρi (p) 

(B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

+ 

i (p)) 

+ 

∑ m i 
ı =1 ξ

(ı ) −
i (k, p) e (ı ) T m i 

e T m i 
ρi (p) 

(B 

(l ) T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + 	 

−
i (p)) 

)

�
L ∑ 

l=1 

λl 

(
h̄ 2 ξ

+ 

i (k, p) + ξ−
i (k, p) 

)
. 

Thus, 

(
A 

∗
i (p) + B i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) 

+ ς 

∗(p) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

= 

L ∑ 

l=1 

λl 

((
A 

(l ) ∗
i (p) + B 

( l ) 
i (p) F i (k, p) 

)T 
S ∑ 

q=1 

πpq v i (k, q) − v i (k, p) 

+ ς 

∗(p) + F 

+ T 
i (k, p) 	 

+ 

i (p) + F 

−T 
i (k, p) 	 

−
i (p) 

)

�
L ∑ 

l=1 

λl 

(
A 

(l ) ∗T 
i (p) 

S ∑ 

q=1 

πpq v i (k, q) + h̄ 2 ξ
+ 

i (k, p) + ξ−
i (k, p) − v i (k, p) + ς 

∗(p) 
)
. 

By Eq. (49a) , it follows that the condition (36) holds. �

Theorem 8 (Handling constraints) . If there exist constants � 1 > 1, � 2 > 1, γ i ( k ) > 0, ε > 0 and
vectors v i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0, ρi (p) � 0
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uch that Eqs. (49), (16) , and 

v i (k, p) � εe n , 
γi (k) ≤ δε, 

δ
∑ m i 

ı =1 ξ
(ı )+ 

i (k, p) e (ı ) T m i 
e m p − δ

∑ m i 
ı =1 ξ

(ı ) −
i (k, p) e (ı ) T m i 

e m p − ηe T m i 
ρi (p) e n � 0, 

(53)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in Eq. (8) are han-
led under the control law (50) , or there exist constants 1 > � 1 > 0, γ i ( k ) > 0, ε > 0 and
ectors v i (k, p) � 0, ξ

(ı )+ 

i (k, p) � 0, ξ+ 

i (k, p) � 0, ξ
(ı ) −
i (k, p) ≺ 0, ξ−

i (k, p) ≺ 0, ρi (p) ≺ 0
uch that (51) , (16) , and 

v i (k, p) � εe n , 
γi (k) ≤ δε, 

δ
∑ m i 

ı =1 ξ
(ı ) −
i (k, p) e (ı ) T m i 

e m p − δ
∑ m i 

ı =1 ξ
(ı )+ 

i (k, p) e (ı ) T m i 
e m p − ηe T m i 

ρi (p) e n � 0, 

(54)

old ∀ p ∈ S , ∀ (i, j) ∈ { 1 , . . . , N } × { 1 , . . . , N } , i  = j, then the constraints in (8) are handled
nder the control law (52) . 

Replacing the term B 

T 
i (p) 

∑ S 
q=1 πpq v i (k, q) + 	 

−
i (p) in Theorem 6 by ρ i ( p ), the proof of

heorem 8 can be given using a similar method to that in Theorem 6 . 

emark 7. In [41] , the DMPC of MJSs was investigated based on quadratic Lyapunov func-
ions and linear matrix inequalities. The DMPC of MJSs is proposed in this section using
 positive system approach. Different from the DMPC in [41] , a linear Lyapunov function
ssociated with linear programming is used in Theorems 5 –8 . The main advantage of the
MPC in Theorems 5–8 is that a linear programming based DMPC algorithm is employed.
s we all know, linear matrix inequalities based predictive algorithm will lead to a heavy

omputation burden. Especially, for large-scale computation, linear matrix inequalities have
 low capacity. Linear programming overcomes the drawbacks of linear matrix inequalities.
n one hand, the linear programming based conditions have a simple form. On the other
and, linear programming is powerful for dealing with large-scale computation. These points
mprove the traditional DMPC approach. 

emark 8. The obtained results in Theorems 5 –8 imply that the sign of the states will be
ept invariant under the designed DMPC controller. That is to say, the corresponding state
omponent is nonnegative (non-positive) if some component of initial conditions is nonneg-
tive (non-positive). Thus, the states are easy to be caught by the initial condition. It should
lso be pointed out that the extensions in this section have a prerequisite that the considered
ystems can be positively stabilized. However, not all systems satisfy the prerequisite. Up to
ow, there is no method to judge which class of systems can be positively stabilized. This
rings conservatism to the obtained results. In practice, one may decide whether the results
re available by checking the validity of the conditions in theorems. 

This paper has proposed the DMPC design for PMJSs and then developed the obtained
pproach for MJSs. All considered systems are linear. As we all know, nonlinear systems have
dvantages in modeling practical dynamic processes [44,45] with respect to linear systems.
here have also been some results on nonlinear PMJSs [20,21] , the nonlinear MPC [28,46] ,
nd the MPC of nonlinear MJSs [27] . For positive systems, few efforts are devoted to the
opics mentioned above. There are three interesting issues in future work: (i) how to developed
he DMPC framework proposed in this paper for nonlinear PMJSs and (ii) how to construct
 nonlinear MPC (DMPC) framework for nonlinear PMJSs. 
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5. Illustrative example 

Susceptible-exposed-infected-removed (SEIR) is one of the most commonly used models 
in epidemics [47] . In such a model, there are four classes of individuals: (i) Susceptible
individuals (named S ) who have a large possibility to contract the disease; (ii) Asymptomatic
but infectious individuals, also called exposed individuals (named E ) who may transmit the
disease to S ; (iii) Symptomatic but infectious individuals (named I ) who may transmit the
disease to S ; and (iii) Recovered individuals (named R ) who are permanently immune, the
recovery, or death. Such a simple model represents well a generic behavior of epidemics, and
a related advantage consists in a small number of parameters to identify. In [48] , a modified
SEIR discrete-time model was proposed to model the epidemics trend of COVID-19 in China:

S(k + 1) = S(k) − b 

p c I(k)+ r(k) E (k) 

N S(k) , (55a) 

E (k + 1) = (1 − σ ) E (k) + b 

p c I(k)+ r(k) E (k) 

N S(k) , (55b) 

I (k + 1) = (1 − χ) I (k) + σE (k) , (55c) 

R(k + 1) = R(k) + χ I (k) , (55d) 

where k ∈ N is the time counted in days, N denotes the total population, the parameter 0 <

χ < + ∞ represents the mortality and recovery rates, the parameter 0 < b < + ∞ corresponds
to the infection rate of the virus transmission from infectious to susceptibilities, 0 < σ < + ∞
is the incubation rate by which the exposed develop symptoms, 0 < p c < + ∞ corresponds to
the number of contacts for the infectious I , and p c ≤ r(k) < + ∞ is the number of contacts
per person per day for the exposed population E . 

It is not hard to know that the system (55) is positive since the number of four classes
individuals is nonnegative. For the corresponding analysis and synthesis, it is reasonable to 

employ a positive system approach. In [9] , a positive system approach has been used to model
HIV mitigating virus escape process. It is worthy noting that HIV is essentially a epidemic.
This further reveals that positive systems play a key role in modeling epidemics. Note the
fact that R ( k ) is easy to be obtained when I ( k ) is known. Therefore, the SEIR model (55)
is modified as SEI model (55a) –(55c) . It is also necessary to point out that the exposed
and infectious population will affect the susceptible population, the symptomatic persons will 
affect the asymptomatic persons, and the susceptible persons may become the symptomatic 
persons. In addition, the inequality 0 < b 

p c I(k)+ r(k) E (k) 

N < 1 holds. Based on these points, the
SEIR model (55) is rewritten as: 

S(k + 1) = a 11 S(k) + a 12 E (k) + a 13 I (k) , 

E (k + 1) = a 21 S(k) + a 22 E (k) + a 23 I (k) , 

I (k + 1) = a 31 S(k) + a 32 E (k) + a 33 I (k) , 

(56) 

where a 11 = 1 − b 

p c I(k)+ r(k) E (k) 

N , a 22 = 1 − σ, a 32 = σ, a 33 = 1 − χ and a 12 , a 13 , a 21 , a 23 , a 31 

are unknown nonnegative weighted coefficients. The system (56) is a predicted model to 

estimate the population of four classes of individuals. Indeed, a more important issue is
how to contain the deterioration of epidemic. Therefore, it is necessary to introduce some
effective control strategies for (56) . Quarantine is one of available strategies in the absence of
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Fig. 1. The simulations of the state x 1 ( k ) and its upper and lower bounds. 
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pecific drugs and vaccines. From the viewpoint of control theory, quarantine is to move the
eople from the infection zone to a safe zone or restrict their behaviors, that is, the control
nput u ( k ) ≺0. In different zones, several SEI models can be established. Meanwhile, different
ndividuals in different zones will correlate with each other. A Markov jump process is more
uitable for modeling the dynamics of epidemics. In existing literature, such as [47] and
48] , some identification methods were used to obtain the values of parameters b , p c , r ( k ),
, χ . Considering that the measured data and parameters contain numerous uncertainties, it

s difficult to make a reasonable prediction based on the SEIR model with fixed values of
arameters. Thus, an interval approach has already been applied to SEIR models in [49] and
50] . 

By these analysis above, the system (1) with interval uncertainty is employed to re-construct
EIR for epidemics, where 

 (1) = 

⎛ 

⎝ 

0. 34 0. 36 0. 35 

0. 35 0. 33 0. 36 

0. 32 0. 35 0. 34 

⎞ 

⎠ , A (1) = 

⎛ 

⎝ 

0. 45 0. 37 0. 36 

0. 36 0. 44 0. 37 

0. 42 0. 36 0. 35 

⎞ 

⎠ , B (1) = 

⎛ 

⎝ 

0. 01 0. 01 

0. 02 0. 02 

0. 02 0. 02 

⎞ 

⎠ , 

 (1) = 

⎛ 

⎝ 

0. 05 0. 05 

0. 04 0. 04 

0. 03 0. 03 

⎞ 

⎠ , 

nd 

 (2) = 

⎛ 

⎝ 

0. 35 0. 34 0. 36 

0. 36 0. 33 0. 35 

0. 35 0. 32 0. 34 

⎞ 

⎠ , A (2) = 

⎛ 

⎝ 

0. 36 0. 35 0. 37 

0. 37 0. 34 0. 36 

0. 36 0. 33 0. 35 

⎞ 

⎠ , B (2) = 

⎛ 

⎝ 

0. 02 0. 02 

0. 01 0. 01 

0. 03 0. 03 

⎞ 

⎠ , 

 (2) = 

⎛ 

⎝ 

0. 03 0. 03 

0. 03 0. 03 

0. 06 0. 06 

⎞ 

⎠ . 

ive the initial condition x(k) = (2 × 10 

6 5 × 10 

5 4 × 10 

4 ) T . Using Algorithm 1 gives h̄ =
. 11 . Then, implement Algorithm 2 via 40 iterations. Here, the variables in the first predicted
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Fig. 2. The simulations of the state x 2 ( k ) and its upper and lower bounds. 

0 10 20 30 40 50 60 70 80 90 100
101

102

103

104

105

106

107

Fig. 3. The simulations of the state x 3 ( k ) and its upper and lower bounds. 
step are obtained: 

v 1 (0, 1) = 

⎛ 

⎝ 

0. 1498 

0. 1400 

0. 1330 

⎞ 

⎠ , v 1 (0, 2) = 

⎛ 

⎝ 

0. 1497 

0. 1399 

0. 1329 

⎞ 

⎠ , v 2 (0, 1) = 

⎛ 

⎝ 

0. 1369 

0. 1359 

0. 1327 

⎞ 

⎠ , 

v 2 (0, 2) = 

⎛ 

⎝ 

0. 1368 

0. 1358 

0. 1326 

⎞ 

⎠ , 

ξ
(1) 
1 (0, 1) = 

⎛ 

⎝ 

−0. 0124 

−0. 0205 

−0. 0222 

⎞ 

⎠ , ξ
(1) 
1 (0, 2) = 

⎛ 

⎝ 

−0. 0123 

−0. 0204 

−0. 0222 

⎞ 

⎠ , ξ
(1) 
2 (0, 1) = 

⎛ 

⎝ 

−0. 0131 

−0. 0128 

−0. 0118 

⎞ 

⎠ , 
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Fig. 4. The simulations of the control input u ( k ). 
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Fig. 5. One of Markov jump signals. 

ξ

T

F

F

D  

b  
(1) 
2 (0, 2) = 

⎛ 

⎝ 

−0. 0130 

−0. 0127 

−0. 0117 

⎞ 

⎠ . 

hen, the DMPC controller gain matrices are 

 

T 
1 (0, 1) = 

⎛ 

⎝ 

−1 . 8056 

−2. 9896 

−3 . 2535 

⎞ 

⎠ , F 

T 
1 (0, 2) = 

⎛ 

⎝ 

−0. 0130 

−0. 0127 

−0. 0117 

⎞ 

⎠ , F 

T 
2 (0, 1) = 

⎛ 

⎝ 

−1 . 6381 

−1 . 6036 

−1 . 4810 

⎞ 

⎠ , 

 

T 
2 (0, 2) = 

⎛ 

⎝ 

−0. 1982 

−0. 1982 

−1 . 1749 

⎞ 

⎠ . 

enote x (k) = ( x 1 (k ) x 2 (k ) x 3 (k )) T and x (k) = ( x 1 (k ) x 2 (k ) x 3 (k )) 
T as the upper and lower

ounds of the state x ( k ), respectively. Figs. 1 –3 show the simulations of the states and their
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lower and upper bounds, Fig. 4 is the control input, and Fig. 5 is the Markov jump signal.
From Figs. 1 –3 , it is clear that the infectious individuals are contained in a limited scope.
From Fig. 4 , the quarantine population is much at the first 30 sample time instants (days)
and it is few after 60 days. In Fig. 4 , the quarantine population at the beginning of spread of
epidemics is more than the sum of the susceptible, asymptomatic, and symptomatic infectious 
individuals. In practice, this is unreasonable. Indeed, it means that all individuals are required 

to implement the quarantine strategy if the quarantine population in Fig. 4 is more than the
sum of the susceptible, asymptomatic, and symptomatic infectious individuals. 

Remark 9. The literature [47–50] was concerned with the modeling, the parameter identifica- 
tion of models, and the state estimation. These literature can provide some available modeling 

of SEIR and present some effective predict for the trend of epidemics. However, few strategies
are devoted to how to contain epidemics. It is fundamentally important to propose effective 
approaches to suppress the spread of epidemics. In this section, a suggestive DMPC approach 

is given to fill the mentioned gap. It should be pointed out that the parameters in the consid-
ered system are not from a real case in some zone. In practice, one can utilize the methods in
[47–50] to identify parameters by virtue of some real data. Then, the approach in this section
can be used to contain epidemics. 

6. Conclusions and future work 

This paper has presented a DMPC framework for PMJSs. Different from the DMPC of
MJSs, the elements of the DMPC framework of PMJSs are all linear. Using matrix decom-
position techniques, the DMPC controller is designed in terms of linear programming to 

guarantee the positivity and stochastic stability of the systems. The interval and polytopic 
uncertainties are handled, respectively. Some corresponding algorithms are provided to check 

the presented conditions. 
The proposed DMPC framework can be further developed for the corresponding issues of 

positive systems such as positive Takagi-Sugeno fuzzy systems, positive multi-agent systems, 
and so on. It is also interesting to establish a DMPC framework on positive Markovian systems
with disturbances. In this paper, the DMPC control law of PMJSs is required to be negative.
How to remove the sign restriction of the DMPC control law may be a significant topic in
future work. 

Declaration of Competing Interest 

The authors declare that they have no competing interest concerning the publication of this
paper. 

Acknowledgments 

The authors would like to express their great appreciation to the anonymous reviewers 
for the valuable comments and suggestions that helped the authors to improve the quality
of the paper significantly. This work was supported by the National Nature Science Founda- 
tion of China (No. 61873314), the Natural Science Foundation of Zhejiang Province , China 
(No. LY20F030008) , the Fundamental Research Funds for the Provincial Universities of Zhe- 
jiang (No. GK209907299001-007), and the Foundation of Zhejiang Provincial Department of 
Education. 

https://doi.org/10.13039/501100004731


J. Zhang, X. Deng and L. Zhang et al. / Journal of the Franklin Institute 357 (2020) 9568–9598 9597 

R

 

 

 

 

 

 

 

[  

[  

[  

[  

[  

[  

[  

[  

[  

[
[  

 

[  

[  

[  

[  

[  

[  

[  

[  

[  
eferences 

[1] L. Farina , S. Rinaldi , Positive Linear Systems: Theory and Applications, Wiley, New York, 2000 . 
[2] J. Lam , Y. Chen , X. Liu , et al. , Positive Systems (Vol. 480), Springer, Switzerland, 2009 . 
[3] B. Paolo , P. Colaneri , Positive Markov jump linear systems, Found. Trends Syst. Control 2.3–4 (2015) 275–427 .
[4] J. Shen , J. Lam , Static output-feedback stabilization with optimal l 1 -gain for positive linear systems, Automatica

63 (2016) 248–253 . 
[5] X. Chen , J. Lam , H.K. Lam , Positive filtering for positive Takagi-Sugeno fuzzy systems under � 1 performance,

Inf. Sci. 299 (2015) 32–41 . 
[6] H. Arneson , C. Langbort , A linear programming approach to routing control in networks of constrained linear

positive systems, Automatica 48 (5) (2012) 800–807 . 
[7] J. Zhang , H. Yang , M. Li , et al. , Robust model predictive control for uncertain positive time-delay systems, Int.

J. Control Autom. Syst. 17 (2) (2019) 307–318 . 
[8] E. Hernandez-Vargas , R. Middleton , P. Colaneri , et al. , Discrete-time control for switched positive systems with

application to mitigating viral escape, Int. J. Robust Nonlinear Control 21 (10) (2011) 1093–1111 . 
[9] O.L.V. Costa , M. Fragoso , R. Marques , Discrete-Time Markov Jump Linear systzems, Springer Science &

Business Media, 2006 . 
10] L. Zhang , E.K. Boukas , J. Lam , Analysis and synthesis of Markov jump linear systems with time-varying delays

and partially known transition probabilities, IEEE Trans. Autom. Control 53 (10) (2008) 2458–2464 . 
11] Z. Wu , P. Shi , H. Su , et al. , Asynchronous l 2 − l ∞ 

filtering for discrete-time stochastic Markov jump systems
with randomly occurred sensor nonlinearities, Automatica 50 (1) (2014) 180–186 . 

12] B. Qiao , X. Su , R. Jia , et al. , Event-triggered fault detection filtering for discrete-time Markovian jump systems,
Signal Process. 152 (2018) 384–391 . 

13] H. Shen , J.H. Park , L. Zhang , et al. , Robust extended dissipative control for sampled-data Markov jump systems,
Int. J. Control 87 (8) (2014) 1549–1564 . 

14] P. Bolzern , P. Colaneri , G. De Nicolao , Stochastic stability of positive Markov jump linear systems, Automatica
50 (4) (2014) 1181–1187 . 

15] S. Zhu , Q.L. Han , C. Zhang , l 1 -gain performance analysis and positive filter design for positive discrete-time
Markov jump linear systems: A linear programming approach, Automatica 50 (8) (2014) 2098–2107 . 

16] J. Zhang , Z. Han , F. Zhu , Stochastic stability and stabilization of positive systems with Markovian jump pa-
rameters, Nonlinear Anal. Hybrid Syst. 12 (2014) 147–155 . 

17] J. Lian , J. Liu , Y. Zhuang , Mean stability of positive Markov jump linear systems with homogeneous and
switching transition probabilities, IEEE Trans. Circuits Syst. II Express Briefs 62 (8) (2015) 801–805 . 

18] S. Li , Z. Xiang , Stochastic stability analysis and l ∞ 

-gain controller design for positive Markov jump systems
with time-varying delays, Nonlinear Anal. Hybrid Syst. 22 (2016) 31–42 . 

19] Y. Guo , Stabilization of positive Markov jump systems, J. Franklin Inst. 353 (14) (2016) 3428–3440 . 
20] J. Zhang, H. Yang, T. Raïssi, Stability analysis and saturation control for nonlinear positive Markovian jump

systems with randomly occurring actuator faults, Int. J. Robust Nonlinear Control (2020), doi: 10.1002/rnc.5042.
21] J. Zhang , T. Raïssi , S. Li , Non-fragile saturation control of nonlinear positive Markov jump systems with

time-varying delays, Nonlinear Dyn. 97 (2) (2019) 1495–1513 . 
22] D. Bernstein , W.M. Haddad , LQG control with an h ∞ 

performance bound: a Riccati equation approach, IEEE
Trans. Automat. Control 34 (3) (1989) 293–305 . 

23] M. Bardi , I. Capuzzo-Dolcetta , Optimal control and viscosity solutions of Hamilton-Jacobi-Bellman equations,
Springer Science & Business Media, 2008 . 

24] S. Qin , T. Badgwell , A survey of industrial model predictive control technology, Control Eng. Pract. 11 (7)
(2003) 733–764 . 

25] E. Camacho , C. Bordons , Model predictive control in the process industry, Springer Science & Business Media,
2012 . 

26] D. Mayne , Model predictive control: Recent developments and future promise, Automatica 50 (12) (2014)
2967–2986 . 

27] V. Dombrovskii , T. Obyedko , M. Samorodova , Model predictive control of constrained Markovian jump non-
linear stochastic systems and portfolio optimization under market frictions, Automatica 87 (2018) 61–68 . 

28] D. He , L. Wang , J. Sun , On stability of multiobjective NMPC with objective prioritization, Automatica 57
(2015) 189–198 . 

29] J. Zhang , X. Cai , W. Zhang , et al. , Robust model predictive control with � 1 -gain performance for positive
systems, J. Frankl. Inst. 352 (7) (2015) 2831–2846 . 

http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0001
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0001
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0001
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0002
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0002
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0002
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0002
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0002
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0003
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0003
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0003
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0004
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0004
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0004
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0005
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0005
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0005
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0005
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0006
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0006
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0006
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0007
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0007
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0007
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0007
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0007
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0008
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0008
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0008
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0008
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0008
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0009
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0009
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0009
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0009
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0010
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0010
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0010
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0010
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0011
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0011
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0011
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0011
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0011
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0012
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0012
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0012
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0012
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0012
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0013
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0013
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0013
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0013
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0013
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0014
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0014
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0014
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0014
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0015
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0015
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0015
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0015
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0016
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0016
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0016
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0016
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0017
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0017
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0017
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0017
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0018
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0018
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0018
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0019
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0019
https://doi.org/10.1002/rnc.5042
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0021
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0021
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0021
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0021
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0022
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0022
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0022
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0023
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0023
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0023
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0024
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0024
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0024
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0025
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0025
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0025
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0026
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0026
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0027
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0027
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0027
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0027
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0028
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0028
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0028
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0028
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0029
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0029
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0029
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0029
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0029


9598 J. Zhang, X. Deng and L. Zhang et al. / Journal of the Franklin Institute 357 (2020) 9568–9598 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

[30] J. Zhang , X. Zhao , Y. Zuo , et al. , Linear programming-based robust model predictive control for positive
systems, IET Control Theory Appl. 10 (15) (2016) 1789–1797 . 

[31] H. Mehrivash , M.H. Shafiei , Constrained model predictive control for positive systems, IET Control Theory
Appl. 13 (10) (2019) 1491–1499 . 

[32] J. Lu , Y. Xi , D. Li , Stochastic model predictive control for probabilistically constrained Markovian jump linear
systems with additive disturbance, Int. J. Robust Nonlinear Control 29 (15) (2019) 5002–5016 . 

[33] J. Lu , Y. Xi , D. Li , Constrained model predictive control synthesis for uncertain discrete-time Markovian jump
linear systems, IET Control Theory Appl. 7 (5) (2013) 707–719 . 

[34] Y. Zou , J. Lam , Y. Niu , et al. , Constrained predictive control synthesis for quantized systems with Markovian
data loss, Automatica 55 (2015) 217–225 . 

[35] Y. Song , Z. Wang , S. Liu , et al. , N-step MPC with persistent bounded disturbances under stochastic communi-
cation protocol, IEEE Trans. Syst. Man Cybern. Syst. (2018) 1–11 . 

[36] B. Stewart , A. Venkat , J. Rawlings , et al. , Cooperative distributed model predictive control, Syst. Control Lett.
59 (8) (2010) 460–469 . 

[37] A. Richards , J.P. How , Robust distributed model predictive control, Int. J. Control 80 (9) (2007) 1517–1531 . 
[38] H. Li , Y. Shi , Robust distributed model predictive control of constrained continuous-time nonlinear systems: A

robustness constraint approach, IEEE Trans. Automat. Control 59 (6) (2014) 1673–1678 . 
[39] L. Dai , Y. Xia , Y. Gao , et al. , Cooperative distributed stochastic MPC for systems with state estimation and

coupled probabilistic constraints, Automatica 61 (2015a) 89–96 . 
[40] L. Dai , Y. Xia , Y. Gao , Distributed MPC of linear systems with stochastic parametric uncertainties and coupled

probabilistic constraints, SIAM J. Control Optim. 53 (6) (2015b) 3411–3431 . 
[41] Y. Song , S. Liu , G. Wei , Constrained robust distributed model predictive control for uncertain discrete-time

markovian jump linear system, J. Frankl. Inst. 352 (1) (2015) 73–92 . 
[42] Y. Song , G. Wei , S. Liu , Distributed output feedback MPC with randomly occurring actuator saturation and

packet loss, Int. J. Robust Nonlinear Control 26 (14) (2016) 3036–3057 . 
[43] L. Zhang , W. Xie , J. Liu , Robust control of saturating systems with Markovian packet dropouts under distributed

MPC, ISA Trans. 85 (2019) 49–59 . 
[44] S. Ding , K. Mei , S. Li , A new second-order sliding mode and its application to nonlinear constrained systems,

IEEE Trans. Automat. Control 64 (6) (2018) 2545–2552 . 
[45] X. Liu , X. Su , P. Shi , et al. , Event-triggered sliding mode control of nonlinear dynamic systems, Automatica

112 (2020) 108738 . 
[46] K. Hashimoto , S. Adachi , D.V. Dimarogonas , Event-triggered intermittent sampling for nonlinear model predic-

tive control, Automatica 81 (2017) 148–155 . 
[47] M.J. Keeling , P. Rohani , Modeling Infectious Diseases in Humans and Animals, Princeton University Press,

2008 . 
[48] Z. Yang , Z. Zeng , K. Wang , et al. , Modified SEIR and AI prediction of the epidemics trend of COVID-19 in

china under public health interventions, J. Thorac. Dis. 12 (3) (2020) 165–174 . 
[49] K.H. Degue , D. Efimov , A. Iggidr , Interval estimation of sequestered infected erythrocytes in malaria patients,

in: Proceedings of the European Control Conference (ECC), 2016 . Pp. 1141–1145 
[50] K.H. Degue , J.L. Ny , An interval observer for discrete-time SEIR epidemic models, in: Proceedings of the

Annual American Control Conference (ACC), 2018 . Pp. 5934–5939 

http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0030
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0030
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0030
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0030
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0030
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0031
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0031
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0031
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0032
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0032
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0032
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0032
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0033
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0033
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0033
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0033
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0034
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0034
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0034
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0034
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0034
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0035
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0035
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0035
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0035
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0035
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0036
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0036
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0036
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0036
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0036
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0037
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0037
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0037
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0038
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0038
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0038
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0039
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0039
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0039
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0039
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0039
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0040
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0040
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0040
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0040
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0041
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0041
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0041
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0041
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0042
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0042
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0042
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0042
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0043
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0043
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0043
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0043
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0044
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0044
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0044
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0044
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0045
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0045
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0045
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0045
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0045
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0046
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0046
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0046
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0046
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0047
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0047
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0047
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0048
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0048
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0048
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0048
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0048
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0049
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0049
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0049
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0049
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0049
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0050
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0050
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0050
http://refhub.elsevier.com/S0016-0032(20)30509-3/sbref0050

